
Nonlinear tracking control of a dc motor via a boost-converter using
linear dynamic output feedback

Felix Antritter and Joachim Deutscher

Abstract— In this contribution a tracking controller for the
shaft angular velocity of a dc motor connected to a boost
type power converter is designed. This system is not flat and
the internal dynamics with respect to the angular velocity
are unstable. A linear dynamic output feedback controller is
designed which stabilizes the linearized tracking error dynamics
about the reference trajectory. To this end, the results in [1], [2]
for the design of linear tracking controllers for flat systems are
extended to non-flat systems. The differences to the controller
design using the state space approach for linear time varying
systems are discussed.

I. INTRODUCTION

In [1] and [2] it has been proposed to stabilize a given

reference trajectory for a flat nonlinear system using linear

dynamic output feedback. To this end, a time varying dif-

ferential operator representation of the system linearization

about the reference trajectory is derived from the nonlinear

controller normal form. In this contribution it is at first

discussed how a differential operator representation can be

derived using methods for linear time varying systems even

if the nonlinear system is not flat (Section II). Based on

the differential operator representation a stabilizing tracking

controller using linear dynamic output feedback is derived

and the differences to a standard state space approach for

linear time varying systems are discussed (Section III). It is

outlined that from the proposed design procedure controllers

of very low order result. A further problem that has to be

addressed is the fact that in the case of non-flat systems

or when the trajectory has not been planned for the flat

output the trajectory is not known symbolically. In Section

IV it is shown how this problem can be overcome. Finally,

the outlined control strategy is applied to the control of the

angular velocity of a dc motor which is connected to a boost

type dc power converter (Section V). This system is not flat

and the internal dynamics with respect to the angular velocity

are unstable. It is shown that it is possible with the proposed

approach to achieve the rather challenging task of stabilizing

the reference trajectory for the angular velocity using pure

(dynamic) output feedback. It is furthermore shown how

an integral error feedback can be included in the controller

design to account e.g. for model errors.

II. DIFFERENTIAL OPERATOR REPRESENTATION OF THE

LINEARIZED SYSTEM

Consider the following nonlinear single-input system

ẋ = f(x) + g(x)u (1)

y = h(x) (2)
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with x ∈ R
n, u ∈ R and y ∈ R

m. In [2] it has been shown

that if system (1) is flat (see [3], [4]), a derivation of the

differential operator representation of the linearized system is

possible using the corresponding nonlinear controller normal

form. As the investigated dc motor / power converter setup in

Section V is not flat, the results in [2] have to be extended to

non-flat systems. To this end, it is assumed that a reference

trajectory (xd(t), ud(t)) which results from the design of a

feedforward controller signal ud(t) for system (1) is given. In

this case the linearized system about the reference trajectory

is given by

∆ẋ = A(t)∆x + b(t)∆u (3)

∆y = C(t)∆x (4)

where ∆x = x − xd, ∆u = u − ud, ∆y = y − yd and

A(t) =
∂(f(x) + g(x)u)

∂x

∣∣∣
(xd(t),ud(t))

(5)

b(t) = g(x)|xd(t) (6)

C(t) =
∂h(x)

∂x

∣∣∣
xd(t)

(7)

The controllability matrix of the linearized system (3) is

given by

Qc(t) =
[
p0 p1 . . . pn−1

]
(8)

(see e.g. [5]) where

p0 = b(t); pk+1 = −A(t)pk + ṗk (9)

System (3) is uniformly controllable on the interval (t0, t1)
if Qc is nonsingular for all t ∈ (t0, t1). In [6] it has

been outlined that if the linear time varying system (3) is

uniformly controllable then it is flat. A flat output of system

(3) is given by the last row of the inverse controllability

matrix Qc

yf =
[
0 0 . . . 0 1

]
Q−1

c ∆x (10)

By the corresponding Brunovský coordinates

z =
[
z1 z2 . . . zn

]T
=

[
yf ẏf . . . y

(n−1)
f

]T

(11)

a linear transformation

z = T (t)∆x (12)

is defined in view of (10). In the Brunovský coordinates

system (3) is given in time varying controller normal form

ż = Acnf (t)z + bcnf(t)∆u (13)

The last row of (13) reads

żn = aT
n (t)z + bn(t)∆u (14)

Introducing the vector s(D) = [1, D, . . . , Dn−1]T where

D := d
dt , it follows in view of (11) that

z = s(D)yf , żn = Dnyf (15)
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holds. Substituting (15) in (14) and reordering yields

1

bn(t)

(
Dn − aT

n (t)s(D)
)
yf =∆u (16)

With (12) and (15) the output equation (4) can be reformu-

lated

∆y = C(t)T−1(t)z = C(t)T−1(t)s(D)yf (17)

Equations (16) and (17) establish the time varying differential

operator representation (see e.g. [1], [2], [7])

n(D, t)yf = ∆u (18)

∆y = Z(D, t)yf (19)

with the left polynomial differential operators (see [7])

n(D, t) =
1

bn(t)
(Dn − aT

n (t)s(D)) (20)

Z(D, t) = C(t)T−1(t)s(D) (21)

where Z(D, t) is an (m×1) vector. Defining Γc[n(D, t)] as

the coefficient of the highest power of D in n(D, t) allows

a decomposition of n(D, t) in the highest order term and

terms of lower orders

n(D, t) = Γc[n(D, t)]Dn + nR(D, t) (22)

where by comparison with (20)

Γc[n(D, t)] =
1

bn(t)
(23)

nR(D, t) = − 1

bn(t)
aT

n (t)s(D) (24)

If the elements of the matrix A(t) and of the vector b(t)
are sufficiently smooth the boundedness of all occuring

coefficients is assured and all involved transformations can

be shown to be Lyapunov transformations (see [8]). The

smoothness of A(t) and b(t) can be assured by suitable

trajectory design (see Section V).

III. DESIGN OF LINEAR TRACKING CONTROLLERS

A. Time varying flat feedback

Setting ∆u = 0 in (3) describes the linearized dynamics

of the tracking error ∆x in the state space when applying the

pure feedforward ud. These dynamics are time varying and

might be too slow or even unstable, depending on system (1).

According to [8] the linearized tracking error dynamics (3)

can be achieved to be exponentially stable by assigning a sta-

ble time invariant dynamics to the corresponding controller

normal form (13). This can be achieved by flat feedback. In

view of (18) and (22) an additional control action

∆u = −Γc[n(D, t)]n̄R(D)yf + nR(D, t)yf (25)

achieves the stable time invariant dynamics

(Dn + n̄R(D))yf = n̄(D, t)yf = 0 (26)

in view of Γc(n(D, t)) �= 0 ∀t ∈ (t0, t1) when n̄R(D, t)
results from the Hurwitz polynomial

n̄(D) = Dn + ān−1D
n−1 + . . .+ ā1D + ā0 = Dn + n̄R(D)

(27)

Adding Γc[n(D, t)]Dnyf − Γc[n(D, t)]Dnyf to (25) leads

to the more compact formulation

∆u = (n(D, t) − ñ(D, t))yf (28)

with the polynomial differential operator

ñ(D, t) = Γc[n(D, t)]n̄(D) (29)

The tracking controller design for the nonlinear system (1)

results in the overall control law

u = ud +∆u (30)

With this control strategy only the feedforward ud is applied

in view of (28) and (10) when system (1) exactly tracks the

reference trajectory (xd, ud), i.e. ∆x = 0

B. Dynamic time varying output feedback

If the flat output yf of the linearized tracking error system

(3) and its time derivatives are not available for measurement,

the flat feedback (28) can be estimated by a time varying

dynamic output feedback. The dynamic output feedback

controller is given by (see [1], [2])

∆(D)∆û = zu(D, t)∆u + ZT
y (D, t)∆y (31)

u = ud +∆û (32)

where ∆(D) specifies a stable time invariant estimation error

dynamics

∆(D)(∆û −∆u) = 0 (33)

The polynomial differential operator zu(D, t) and the (m×1)

vector Zy(D, t) have to be determined from the Diophantine

equation

zu(D, t)n(D, t) + ZT
y (D, t)Z(D, t) =

∆(D)(n(D, t) − ñ(D, t)) (34)

In [9] conditions for the existence of a solution of (34) are

given. The conditions can be used to derive a general form

of zu(D, t) and Zy(D, t) consisting of polynomials in D
with unknown time varying coefficients. These coefficients

are determined by a generally under-determined system of

linear time varying equations, which is easily derived by

inserting the general expressions for zu(D, t) and Zy(D, t)
into (34) and reordering subsequently. The resulting set of

equations is only solvable, if the Sylvester matrix related

to the pair Z(D, t) and n(D, t) has full rank (see [9]).

Remaining degrees of freedom can be used to meet additional

specifications for the controller. This has been illustrated in

[2]. As a result, when assuming that the dynamics chosen

in (33) is sufficiently fast, the controller (31)–(32) stabilizes

the tracking according to the differential equation (26). Even

if disturbances must be taken into account, this conclusion

remains valid as long as the caused errors ∆û−∆u are small.

In view of (33) ∆û is an estimate for the linear functional

(28). It has been shown in [10] that a linear functional

can be estimated, for certain sensor actuator configurations,

with lower order observers than the estimation of all non-

measurable states of the system. This is illustrated in Section

V-C. The dynamic output feedback (31)–(32) achieves a time

invariant dynamics (33) for the error ∆û−∆u independently

from the inputs of the feedback controller ∆u and ∆y as long

as the initial conditions of the system (1) are not significantly

inconsistent with the starting point xd(0) of the reference

trajectory. This is another difference from the standard state

space approach where the non-measurable states would be
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estimated by stabilization of the estimation error dynamics

in the coordinates of the time varying observer normal form.

As these coordinates are related to the Brunovský coordinates

(11) by a time varying transformation, a time varying error

dynamics for the control signal results.

IV. CALCULATION OF REQUIRED TIME DERIVATIVES

For the analysis of the linear time varying system (3) time

derivatives of the elements of A(t) and b(t) are needed e.g. to

compute the controllability matrix Qc(t) in (9). Further time

derivatives are necessary to compute the coordinates trans-

formation (12) or the solution of the Diophantine equation

(34). In case of non-flat systems or when the trajectory is

not planned for a flat output of a flat system, the trajectory

(xd, ud) can, in general, not be determined as a symbolic

function of time. Therefore, it is suggested to determine the

time derivatives using the prolonged vector field

fp,µ =
[
fT + gT u u̇ . . . u(µ)

]T
(35)

With the prolonged vector field fp,µ the time derivative of

any function of the states x and input u of system (1) can

be computed as

d

dt
k(x, u, u̇, . . . , u(ν)) =

n∑
i=1

∂k

∂xi
(fi + giu) +

µ−1∑
j=0

∂k

∂u(j)
u(j+1)

=
∂k

∂(x, u, u̇, . . . , u(µ−1))
fp,µ (36)

as long as ν < µ. The derivatives of u can be often

computed even if the trajectory (xd, ud) has been determined

numerically (see Section V).

V. APPLICATION TO A BOOST-CONVERTER

WITH MOTOR SETUP

A. Feedforward controller design

In this section a trajectory for the angular velocity of a

dc motor connected to a boost type dc/dc power converter is

designed. The system equations of this setup are given by⎡
⎢⎢⎢⎣
ẋ1

ẋ2

ẋ3

ẋ4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

E
L

− 1
RC x2 − 1

C x3

1
Lm

x2 − Rm

Lm
x3 − Ke

Lm
x4

Km

J x3 − τ
J

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎣
− 1

Lx2

1
C x1

0

0

⎤
⎥⎥⎥⎦ u (37)

where x1 is the converter current, x2 the capacitor voltage,

x3 the motor current and x4 the motor shaft angular velocity

which is the output to be controlled

yc = hc(x) = x4 (38)

E in (37) is the constant converter supply voltage and

τ is a constant friction torque of the motor. The system

parameters have been taken to be C = 100 µF, L =
3 mH, R = 500 Ω, Rm = 8.1 Ω, Ke = 4.31 · 10−2 V

rad/sec ,

Km = 4.31 · 10−2 V
rad/sec , Lm = 8.9 mH, J = 7.95 ·

10−6 kgm2, τ = 3 · 10−3 Nm and E = 7 V. The input

is constrained to be in the interval u ∈ [0, 1] as u is

the duty cycle of the PWM input signal to the converter.

The parameters are close to those taken in [11] where this

power converter with motor setup together with its technical

relevance is discussed in detail.

System (37) is not static feedback linearizable (see e.g.

[12]) as the distribution D2 =
[
g adfg ad2

fg
]

is not

involutive. As a consequence, the single-input system (37) is

not flat. This is due to the results in [13] as outlined e.g. in

[6]. To assign a reference trajectory for the angular velocity

it is realized that the output yc has a well defined relative

degree [12] of r = 3, i.e.

LgL
i
fhc(x) = 0, i = 0, 1; LgL

2
fhc(x) �= 0 (39)

in the operating region (see the reference trajectory in Figures

1 and 3). An input-output linearizing feedback controller for

the output yc with the new input v is given by

uio(x, v) =
1

LgL2
fhc(x)

(−L3
fhc(x) + v) (40)

Furthermore, the coordinates transformation

[
ξT , η

]T
=

⎡
⎢⎢⎣

ξ1

ξ2

ξ3

η

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

yc

ẏc

ÿc

η

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

hc(x)
Lfhc(x)
L2

fhc(x)

x1

⎤
⎥⎥⎦ = φ(x) (41)

can be shown to be nonsingular in the operating region. The

internal dynamics are thus given by the dynamics of the

converter current, when applying the controller (40), i.e.

η̇ = f1(x) + g1(x)uio(x, v)
∣∣
x=φ−1(ξ,η)

= q(η, ξ, v) (42)

where f1 and g1 denote the first components of f and

g respectively. For the angular velocity a reference tra-

jectory yc,d is specified, which provides a smooth tran-

sition of the angular velocity from yc,d(0) = 200 rad
sec

to yc,d(tf ) = 350 rad
sec . The reference trajectory is sup-

posed to be a transition between equilibrium points,

therefore the boundary conditions ẏc,d(0) = ÿc,d(0) =

ẏc,d(tf ) = ÿc,d(tf ) = 0 and y
(3)
c,d(0−) = y

(3)
c,d(tf+) =

0 were incorporated. This corresponds to the equilibrium

points xd(0) = (115.5 mA, 9.18 V, 69.6 mA, 200 rad
sec ) and

xd(tf ) = (225.6 mA, 15.65 V, 69.6 mA, 350 rad
sec ) in the x-

coordinates. The transition time has been set to tf =
400 msec. The internal dynamics

η̇ = q(η, ξd, y
(3)
c,d) (43)

can be found to be unstable. To obtain a bounded solution for

ηd the internal dynamics (43) can be integrated backwards

in time (see e.g. [14]). As the eigenvalues of the linearized

internal dynamics (43) are very large, preactuation is ne-

glectable. The resulting feedforward controller is thus given

by

ud = uio(x, v)
∣∣
x=φ−1(ξd,ηd),v=y

(3)
c,d

(44)

where ud ∈ [0, 1] is fulfilled (see Figure 3).

Due to the results in this section neither a flatness based

controller (as has been implemented e.g. in [15] for a

laboratory setup of a dc motor connected to a buck type

power converter) nor the input-output linearizing controller

(40) can be used to stabilize the tracking of the reference

trajectory yc,d for the angular velocity. Therefore in the next

section the linearized system of (37) will be investigated to

design a linear dynamic output feedback in order to stabilize

the linearized tracking error dynamics.
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B. Linearized tracking error dynamics

The linearized tracking error system of system (37) is

given by (3) where

A(t) =

⎡
⎢⎢⎢⎣

0 −ud(t)
L 0 0

ud(t)
C − 1

RC − 1
C

0 1
Lm

−Rm

Lm
−Km

Lm

0 0 Km

J 0

⎤
⎥⎥⎥⎦ (45)

and

b(t) =
[− 1

Lx2,d(t)
1
C x1,d(t) 0 0

]T
(46)

As pointed out in Section IV all required time derivatives

for the analysis of the linear time varying dynamics (3)

can be calculated in terms of u and its derivatives. For the

given situation the input ud is given by the feedforward

controller (44). Consequently, ud is given as a function

of the reference trajectory yc,d for the output and of the

corresponding solution ηd of the internal dynamics. In a

similar manner as in Section IV the time deriviatives of ud

can thus be generated iteratively as

u
(i+1)
d = u

(i+1)
io (yc,d, ẏc,d . . . , y

(i+3)
c,d , ηd)

=
∂u

(i)
io

∂ηd
q(ηd, yc,d, ẏc,d . . . , y

(3)
c,d) +

µ−1∑
j=0

∂u
(i)
io

∂y
(j)
c,d

y
(j+1)
c,d ,

i = 0, 1, . . . (47)

in view of (44) for sufficiently large µ. It has to be

emphasized that although the reference trajectory is only

known from numeric computation and not symbolically,

all necessary time derivatives for the analysis of the time

varying tracking error dynamics can be computed using (36)

and (47). All states are continuous functions of time. As a

consequence, all time derivatives are continuous functions of

time, when f and g as well as the reference trajectory for

yc are sufficiently smooth.

For the given trajectory the controllability matrix Qc as

defined in (9) is nonsingular during the whole trajectory and

thus as discussed in Section II the linearized system (45)–

(46) is flat and can be stabilized by flat feedback as pointed

out in Section III-A. For the stabilization it is assumed

that the angular velocity and the capacitor voltage can be

measured, i.e. the measured output y for the stabilization of

the trajectory is given by

y =
[
x4 x2

]T
(48)

Consequently, the output matrix for the linearized dynamics

can be obtained according to (7)

C(t) =

[
cT
1

cT
2

]
=

[
0 0 0 1
0 1 0 0

]
(49)

The observability matrix (see [5])

Qo(t) =

⎡
⎢⎢⎣

cT
1

ċT
1 + cT

1 A
cT
2

ċT
2 + cT

2 A

⎤
⎥⎥⎦ (50)

can be found to be nonsingular over the whole trajectory.

Thus, the linear time varying system (45)–(46) with output

matrix (49) is uniformly controllable and observable over the

whole trajectory.

C. Design of stabilizing dynamic output feedback

Using the methods introduced in Section III the de-

nominator polynomial n(D, t) of the differential operator

representation of the linearized tracking dynamics can be

derived, resulting in a time varying polynomial differential

operator of degree four

n(D, t) =
1

bn(t)
(D4+a3(t)D

3+a2(t)D
2 +a1(t)D+a0(t))

(51)

The numerator vector can be shown to be of the form

Z(D, t) =

[
z11(t)D + z10(t)

z23(t)D
3 + z22(t)D

2 + z21(t)D + z20(t)

]

(52)

For the dynamics of the controlled system the numerator

polynomial

ñ(D, t) =
1

bn(t)
(D + λr)

4 (53)

is assigned (see (29)). The observability index of the observ-

ability matrix Qo in (50) is no = 2. Using the solvability

conditions in [9] for the Diophantine equation (34) it can

be derived that a first order dynamic output feedback is

sufficient, i.e. ∆(D) in (33) is chosen to be of degree one

∆(D) = D + λo (54)

It follows from the structure of (34) that also the vector

Zy(D, t) has to be chosen to be of degree one

Zy(D, t) =

[
zy1(D, t)
zy2(D, t

]
=

[
zy,11(t)D + zy,10(t)
zy,21(t)D + zy,20(t)

]
(55)

and zu(D, t) has to be chosen to be of degree zero

zu(D, t) = zu,0(t) (56)

The coefficients of zu(D, t) and Zy(D, t) have to be cal-

culated from the Diophantine equation (34). For the given

configuration the solution is unique, no additional degrees

of freedom occur. The additional stabilizing control input

∆û can be computed according to (31) which in this case is

given by

∆(D)∆û = zu(D, t)∆u + zy1(D, t)∆y1 + zy2(D, t)∆y2

(57)

As system (45)–(46) is to be stabilized at the equilibrium

∆x = 0 it can be shown using the results in [16] that the

control signal ∆û can equivalently be generated by

nc(D, t)∆û = zy1(D, t)∆y1 + zy2(D, t)∆y2 (58)

where nc(D, t) = ∆(D) − zu(D, t). As the degrees of

nc(D, t) and zy1(D, t) and zy2(D, t) respectively are equal

the controller state

ζ =∆û − zy,11∆y1 − zy,21∆y2 (59)

is introduced to reduce the degree of zy1(D, t) and zy2(D, t).
Substituting (59) into (58) yields the relation

nc(D, t)ζ = z̄y1(t)∆y1 + z̄y2(t)∆y2 (60)

The time varying left differential operator nc(D, t) in (60) is

then transformed into a right polynomial differential operator

using the operator identity m(t)D = Dm(t) − ṁ(t). As

pointed out in [7] the differential equation (60) with the right

polynomial differential operators directly corresponds to a

45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006 FrIP12.12

6590



state space realization in observer normal form. In the given

case a first order output feedback of the kind

ζ̇ = aζ(t)ζ + bζ1(t)∆y1 + bζ2(t)∆y2

∆û = ζ + zy,11(t)∆y1 + zy,21(t)∆y2 (61)

results. It has to be mentioned that a nonlinear tracking

observer as proposed in [17] would be of order four. Even

a reduced order observer would be of order 2. As outlined

in Section III-B the low order of the output feedback (61)

results from the fact that only the control input (28) is

estimated. The first order time varying filter (61) is easy to

initialize as demonstrated in the next section.

D. Simulation results

Figure 1 shows the simulation results when the initial

condition for the converter with motor setup is not the

equilibrium point xd(0) (see Section V-A) but the equi-

librium point x(0) = (118.7 mA, 9.4 V, 69.6 mA, 205 rad
sec ).

The controller parameters were chosen to be λr = 250
and λo = 600. To get a better impression of the transient

behaviour in Figure 2 the state space trajectory for the first

70 ms is plotted. The linear time varying filter (61) has been

initialized by the construction of a static feedback controller

which results when assuming that the output matrix (7) of

the linearized tracking error system is the four dimensional

unit matrix and choosing for the controller parameter again

λr = 250. This leads to a feedback law of the kind

∆ustat = z̃1(t)∆x1 + z̃2(t)∆x2 + z̃3(t)∆x3 + z̃4(t)∆x4 (62)

As ∆x1 and ∆x3 are not available for measurement ζ(0) is

chosen such that

∆û(0) = z̃2(0)∆x2(0) + z̃4(0)∆x4(0) (63)

holds, i.e. ∆x1(0) =∆x3(0) = 0 is assumed. For the given

system this initialization provided very good initial values.

To demonstrate the performance of the estimation for the

control input an additional initial error ∆ζ was introduced

such that for the initial relative error of the control input
∆û(0) −∆ustat(0)

∆ustat(0)
≈ 0.25 was provided for the simulation

results in Figures 1 and 2. On the left hand side of Figure

3 the normalized input signal error ∆û −∆ustat
∆ustat,max

during the

first 20 ms is plotted, where ∆ustat(t) has been obtained by

inserting the resulting trajectories as seen in Figure 1 into

(62). For comparison the error is plotted when the controller

(61) is applied to the time varying linear error system (45)–

(46), (49). For the linear time varying system the transient

behaviour exactly matches the desired time invariant first

order dynamics, assigned in (33). Due to the nonlinearity

of system (37) the input error does not perfectly match

the desired behaviour. Small deviations can be observed for

the time intervals when the system is far away from the

reference trajectory. For comparison, the feedback law (62)

has been implemented using a nonlinear tracking observer as

proposed in ([17]). In the nominal case this output feedback

yielded comparable results as the output feedback (61).

However, the nonlinear tracking observer seemed to be more

sensitive against parameter uncertainties as e.g. an increased

friction torque τ . The inferior robustness properties of the

nonlinear tracking observer might stem from the fact, that

a fourth order order nonlinear observer has to be stabilized

in contrast to the first order system (61). However, due to

the limitited space, this cannot be disscussed in more detail.

The robustness property of the controller (61) can furhter be

improved by including an additional integral error feedback.

For the construction of the controller it is realized that the flat

output (10) of the boost converter is almost coincident with

the angular velocity. Thus, the integral of the flat output can

be very well approximated by the integral over the tracking

error for the angular velocity. In view of the controller normal

form (13) when introducing the additional state z0 =
∫

z1dt
the new flat output of the extended system is given by

yf = z0. As a consequence, the numerator polynomial of the

differential operator representation for the extended system

is given by

ne(D, t) = n(D, t)D (64)

The controller state z0 can be used for the feedback, so the

numerator vector is extended to

Ze(D, t) =
[
ZT (D, t)D 1

]T
(65)

For the extended system (64)–(65) again a first order output

feedback can be used. Specifying ∆(D) as in (54) the

following dynamic output feedback results

ż0 =∆y1

κ̇ = aκ(t)κ + bκ1(t)∆y1 + bκ2(t)∆y2 + bκ3(t)∆z0

∆û = κ + zy11(t)∆y1 + zy21(t)∆y2 (66)

To demonstrate the performance of this controller it

is assumed that the constant friction torque τ is by

30 % larger than assumed in Section V-A. Figure 4

shows the resulting trajectory when starting at x(0) =
(117.4 mA, 9.31 V, 69.6 mA, 203 rad

sec ). The controller pa-

rameters have again been chosen to be λr = 250 and

λo = 600. It can be verified that the controller increases

the converter current by about 20 % to compensate for the

additional friction. The angular velocity very well tracks

the specified reference trajectory. When an input-output
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Fig. 1. state space reference trajectory (grey) for the boost converter with
motor and actual trajectory for the system with controller (black)
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Fig. 2. state space reference trajectory (grey) for the boost converter with
motor and actual trajectory for the system with controller (black)
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Fig. 3. left hand side: input signal error for the linear time varying
system (grey) and for the nonlinear system (black), right hand side reference
feedforward signal (grey) and control input of the stabilized system (black)

linearizing controller with respect to the converter current

would have been designed, the converter current would have

been forced to track the reference value for the current.

For the final reference current of x2,d(tf ) = 225.6 mA an

equilibrium angular velocity of about 300 rad
sec would result.

An input-output linearizing controller with respect to the

converter current could thus not compensate for such a model

uncertainty. Additionally, the internal dynamics with respect

to the converter current exhibit an almost non hyperbolic

component for the investigated setup. An alternative way to

construct a controller with integral error feedback using the

presented approach would have been to extend the nonlinear

system (37) with an additional state which represents the

integral of the angular velocity and to design then a con-

troller as outlined in the preceding Sections for the extended

nonlinear system.
VI. CONCLUSIONS

In this contribution the approach in [2] to stabilize the

linearized tracking error dynamics for nonlinear flat systems

using a differential operator representation has been general-

ized to non-flat systems. A tracking controller was designed

that stabilizes the trajectory of a dc motor / converter setup.

This has been shown to be a challenging task as the system

is not flat and the internal dynamics with respect to the

angular velocity are unstable. It was furtherhmore shown

that the controller design using the Diophantine equation

leads to a low order stabilizing output feedback and that

an integral error feedback can be included in the framework.
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Fig. 4. state space reference trajectory (grey) for the boost converter with
motor and actual trajectory for the system with controller with integral error
feedback in the case of increased friction torque

The simulation results are encouraging and the controller is

going to be implemented on a laboratory setup.
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